We solve the massless Schwinger model exactly in Hamiltonian formalism on Sl. We construct physical states explicitly and its physical consequences, such as the chiral symmetry breaking or the screening of charges, are discussed. We show how charges are getting to be screened with time and show that we cannot understand the screening mechanism by naive particle picture. § 1. Introduction
Schwinger model is quantum electro-dynamics (QED) in 2 dimensions with· massless Dirac fermion.
I )
Though being non-trivial, it was solved and has' been known to be equivalent to a massive scalar boson with mass e/ Ii, where e is the coupling constant. 2 ) To get its deeper understanding it is important to know the explicit structure of the Hilbert space in the Hamiltonian formalism. Manton 3) studied this problem and constructed the Hilbert space explicitly. We use this Hamiltonian formulation to study the dynamics of the Schwinger model because of the following reasons. First, the notion of quantum mechanical states is clear in the Hamiltonian formalism. Second, time evolution of the states is easy to follow and allows us to see the dynamical aspects of the theory. In this paper we emphasize the advantages of the Hamiltonian fonualism and examine the physical properties of the model such as chiral symmetry breaking and charge screening.
The most important result of our paper is the explicit demonstration of the charge screening. In the two dimensional QED, the Coulomb potential is linear and long-ranged classically. However, it is generally accepted that the confinement does not persist if the dynamical massless fermion is inCluded in the quantum theory since screening occurs. Casher, Kogut and Susskind have adopted a classical picture of the charge, screening on analogy to QCD in 4 dim., that the flux tube between charges is divided by the pair productions of the fermions and the charges will be screened. S ) In the present paper we investigate the time evolution of the screening and find that naive particle picture breaks down in the following sense. First, the screening of a charge occurs quite independently of the existence of other charges. In other words, charge density is induced around an external charge, without specifying where the "flux tube" is attached. Next, in the pair creation picture only integral multiple of the .fundamental charge' e' seems possible to be screened. However we show that in the massless Schwinger model any amount of charge can completely be screened. Therefore the screening should be understood not by the pair creations of the fundamental fermions rather by the vacuum polarization and we should take the wave picture instead of the naive particle picture. Indeed, the screening of external charges occur by forming coherent states of the massive bosons, which shows clearly that the naive particle picture is not applicable.
The paper is organized as follows: In § 2 we study the structure of the Hilbert space. First we quantize fermion in the background gauge field. Formulae for the chiral charge and the energy of the Dirac sea are obtained. Using these results we show that the fermion Hamiltonian can be bosonized also i~ the presence of the background gauge field. We show that the physical state condition is simply that the total charge vanishes by rewriting the Gauss' law operator in terms of the charge operator on the fermion Fock space. This technique is useful to obtain the physical Hilbert space out of the whole space of the wave-functionals.
Next we show that the Hamiltonian of the gauge field can be re-written in terms of the current operators on the physical Hilbert space .. This enables us to diagonalize the Hamiltonian completely. The groundstate wave-functional is explicitly given. We also show that the infinitely degenerate vacua are labeled by () and that ijtlJ! has a vacuum expectation value (VEV), which is the signal of the spontaneous chiral symmetry breaking ( § 3).
Using the results of the previous sections, we study the dynamics of the model in § 4. We show that the potential of two external charges with arbitrary magnitude is Yukawa-type. We also show how external charges are getting to be screened with time. The dynamical fermions themselves are also completely screened which is the . reason why fermionic excitations are absent in this theory.
The appendices A, Band C are devoted to the derivation of the necessary formulae used in the text. The current algebra in the background gauge field is obtained in Appendix A. In Appendix B we obtain the algebra of the current operators with the electric field. In Appendix C the bosonization rule in the background gauge field is established. § 2.· The model and its Hilbert space It is well known that the canonical quantization of the gauge theory requires the construction of the fermion Fock space for each configuration of the gauge field and imposition of the physical-state condition including the wave-functional of the gauge field. We follow this general framework and obtain the physical Hilbert space in this section. Though our formalism resembles much with that of Manton,3) we present ours to fix our notation.
We suppose that the space is a circle with a period L. The Lagrangian is the well-known one:
with the Bjorken-Drell metric gflll=(+, -) and the gamma-matrices r O =61, r 1 =i62.
Choosing the Weyl gauge Ao=O, the total Hamiltonian density is a sum of .3CEM and .3CF, where
Here "dot" . denotes time derivative. In the remainder of the present paper we write A(x) instead of Al(X) for simplicity since AO no longer appears.
Fermion Fock sPace in background gauge field
To construct the fermion Fock space, we fix the configuration of the gauge field and treat it as a background in the subsection. -We impose the anti-periodic boundary condition on the fermion field. The eigenfunctions and the eigenvalues of the first quantized fermion Hamiltonian are (2'4) where (2'5) 2IT (
Here e is the zero mode of the gauge field:
The energy spectrum depends on A(x) only through e, which is the only gauge invariant quantity constructed from-A(x). Note that eeL/2IT is nothing but the Chern-Simons term in one dimension.
. We expand lJf(x) in terms of the eigenfunctions of the first quantized fermion Hamiltonian in the background gauge field.
The ground state of the second quantized fermion Hamiltonian (2'3) is defined such that all the· negative energy levels are filled.
Let us first consider only the positive chirality sector (the upper component of lJf(x». Define N+-'vacuum' such that the levels with energy lower than CN:" are filled and. the..others are empty.
N+-l
Ivae; N+>+= II an tlo>, (2'10) n=-oo where 10> is the state of "nothing". This 'vacuum' is the lowest energy state only if the background gauge field satisfies
When eeL/27r is equal to N+±1/2, the Nv'vacuum' has the same energy as the (N+
The Hamiltonian and the charge operator of the positive chirality fermion are given simply by H+= ~ncnan t an and Q+= ~nan t an. They have divergent eigenvalues on the N+-'vacuum' and we regularize them by S-.function regularization using the energy of the each level:
Here;1 is an arbitrary constant with dimerision of mass inverse. an eigenstate of Q+ and H+ with the following eigenvalues:
. N+-l" cn
where we used the notation s(s, a)=~;;'=oln+al-s, and the limiting value s(S--4 0, a)
. Similarly for the negative chirality sector (the lower component of 1Jf(x)), we define N--'vacuum' such that all levels with energy lower than ( -CN_-l) are filled. In our notation bn t is the creation operator of the negative chirality fermion with energy ( -cn) which decreases as n increases. The eigenvalue of H~= ~( -cn)bn t bn and the charge operator Q_=~bntbn on the N--'vacuum' are
<Q->=-N-+ eeL
N ow let us combine the positive and the negative chirality sectors.
Ivae ;.N+N->=Ivae; N+>+®lvae; N->-.
The total charge, the total chiral charge, and the total energy of the state Ivae ; N+N-> are· S, Iso and H. Murayama
Naively one might expect that both Q and Qs are integer valued. However only the charge Q is integer valued and the chiral charge Qs can have any fractional value which depends on the configuration of the gauge field. In other words, as the configuration of the gauge field changes, only the charge is conserved and the chiral charge changes accordingly. This is the anomaly effect for the chiral transformation. 4 ) Now we consider the excited states of the fermion F9Ck space above the N±-'vacua'. The fermion Fock space is constructed by acting the fermion creation operators on the N±-'vacuum'. However in 2 dim., it is possible to construct the fermion Fock space by acting current operators. Since the current operator does not change the fermion number, we need all the N± 'vacua' to construct the whole Fock space.
The current of the positive (negative) chirality fermion is :
where
The Fourier component j± n satisfies the following commutation relations on the fermion Fock space (Appendix A) :
Now we rewrite the fermion Hamiltonian in the background gauge field in terms of the currents operators. We must rewrite the fermion Hamiltonian such that all the matrix elements are the same as the original fermion Hamiltonian. We know that (j ± n) t increases energy by 2 7rn/ L, (2·27) By using this relation and the energy of N±-'vacuum' (2 ·15), the fermion Hamiltonian is written as follows: Then let us combine the positive and the negative chirality sectors .
Gauss' law constraint and the physical states
Since we have obtained necessary formulae for the fermion Fock space in the previous subsection, we include the wave functional of the gauge field in this subsection. We obtain the space of the physical states.
Any wave functional of the Schwinger model is a direct product of the element of . the fermion Fock space and a wave functional of the gauge field.
However not all of them are physical. The fermion Fock space must be defined over
Jl/ g, the space of the gauge inequivalent configurations. In the Weyl gauge the only gauge invariant quantity is the zero mode of the space component of the gauge field c. Therefore
Jl/ g o={cIcER}=R ,
where go is the space of the gauge transformations connected to the identity element in the Weyl gauge. (We call them small gauge transformations.) To remove the degrees of freedom of the large gauge transformations, we must identify c modulo
Jl/ g ={clcER, mod 27r/eL}=SI .
We first remove the freedom of the small gauge transformations (the freedom of the large gauge transformations are removed in § 3.2). Instead of fixing them explicitly we restrict the Hilbert space to the states which are invariant under them. Gauge transformations are represented as a unitary operator
Then the functionals which are invariant under U(fJ) satisfy the physical state condition:
Let us expand the gauge field in its Fourier component.
Iso and H. Murayama
The conjugate momentum of the gauge field is
N ow the physical state conditions are expressed in components as
The second condition requires that the physical state must be invariant under the global gauge transformation. This is equivalent to the condition that the electric flux must close on the space 51.
In the remainder of this subsection, we find out what kind of states satisfy the physical state condition. The fermion operator transforms under the gauge transfor-
On the other hand, using its explicit form, the eigenfunction q;n (2·5) transforms as q;n(X) ~ e ie (8(X)-8(O» q;n(X). This transformation law reflects our normalization of the eigenfunctions q;n(X=O)=1. Therefore we see that the fermion operator an must transform as (2·40) which is equivalent to the commutation relation,
Now we know how the Gauss' operator acts on the Fermion Fock space.
By acting the Gauss' law operator on the N+-'vacuum', we obtain
n=-oo where we have assumed that the "nothing" state is invariant under the gauge transformations. Similarly we obtain G(x)=Q-eo(x) on N--'vacuum'. On the space of the direct product of the both chirality sectors the Gauss' law operator is proportional to the charge.
Since. the whole fermion Fock space is constructed by acting the current operators, which are gauge invariant and commute with Gauss' law, on Ivac ; N+N-> we obtain In this section we rewrite the total Hamiltonian on the physical states and show that the full theory is equivalent to the theory of a massive scalar boson. In the first half, we diagonalize the Hamiltonian by giving the Bogoliubov transformation explicitly. The wave-functional is also explicitly given in terms of the physical states obtained in the previous section. The vacua are found to be infinitely degenerate and labeled by an integer N. Demanding they must be invariant also under the large gauge transformation, we obtain a-vacua in the latter half of the section. We find them to break the chiral symmetry spontaneously.
Bogoliubov transformations and the spectra
By using the physical state condition (2·39), the Hamiltonian of the gauge field is rewritten as
Now both HEM and HF (2·31) are written in terms of the current operators, the zero mode of the electric field alae and the zero mode of the gauge potential e only. We split it into the zero-mode part and non-zero-mode part:
At first let us consider Hn for n=f=O. In order to diagonalize it, we 'Bogoliubovtransform the current operators:
Hn are now diagonalized by the Bogoliubov transformed currents.
The operator of the above Bogoliubov transformation is Un=exp{-tn((}+n)t(}_n)t -l+nl_n)}, which satisfies UnU±n)Unt=l±n. The groundstate of Hn(n>O) is
where we have set N+ = N-= N in order to make this state physical.
Next let us consider the zero mode. We have charge Q=O and the chiral charge Finally, the total Hamiltonian is diagonalized (up to a constant) as follows:
This is just the Hamiltonian of a massive scalar boson with mass M. Careful treatment of the zero mode of the gauge field was quite important in proving the equivalence. The ground state of the total Hamiltonian is
Iground; N)=/0(ecL-2TCN)lvac; N)= -;r e(eCL 21CN) 121CML
The groundstate is squeezed by the Bogoliubov transformation from the Dirac sea. These groundstates are labeled by N. They all have the same energy and are infinitely degenerate. All the excited states are constructed by acting the Bogoliubov-transformed currents (1 ±n) t or the zero mode creation operator a t on the ground state. 
8-vacuum and large gauge transformation
The large gauge transformation is defined such that eie~(X) is single valued but The Hamiltonian and the large gauge transformation commute and can be diagonalized simultaneously. If we define the so-called 8-vacuum 6 ) by
N it is an eigenstate of the large gauge transformation. The freedom of the large gauge transformation can be removed by choosing one8-vacuum.
If we define the modified chiral charge Qs by
it is independent of the gauge field and integer valued, but iUs not invariant under the large gauge transformation:
The transformation generated by Qs shifts the value of 8.
This is a symmetry of the theory but it transforms one vacuum into another.
The degeneracy of the vacua is related to the .spontaneous chiral symmetry brea,king. We now calculate the VEV ofiflw and iflysW.
)
In Appendix C we show that the fermion operator can be written in terms of the current operator and an extra operator V±. This V± commute with j± n(n=l=O) but increase charge by one:
(Q± are the t-function regularized ones). Then the large gauge transformation (3 ·15), (3 ·16 ) is generated by (3·24)
In order to calculate VEV of lJf+ t(x) lJf-(x) we must rewrite it in terms of the Bogoliubov transformed current. (For the definitions of ¢±, see Appendix C.)
where NB is the normal ordering with respect to the Bogoliubov transformed current operators, and the constant X is defined by 
Classically there is a linear COUIOlJlb potential between charges and one may naively think that a charge is confined and fermionic states disappear. This is nottrue. We show that charge is screened due to the strong vacuum polarization rather than confined. We will examine two cases, the screening of the external charge.:and the screening of the fundamental massless fermion itself.
In the former half of this section we introduce a pair of external charges. First we calculate the energy of the ground state of the Hamiltonian coupled to two external charges. It is a Yukawa type potential energy and indicates: that the external charges are screened. In order to Gonfirm that screening does indeed occur, we will show how the external charges are getting to be screened with time.
In the latter half of this section we form a state which has two fundamental fermions and show how the charges of these fundamental fermions are getting to be screened with time. This is the answer for the question why there are no fermionic excitations in the theory. Even if we put a fermion, it is getting to be screened~and disappears.
Screening o/external charge
In this subsection we introduce external charges. The Lagrangian with external charge density jex.o is simply (4·2)
We introduce two charges. One is a positive charge with strength q at Xo ,and the other is a negative charge with the same strength at Yo:
where the Fourier components are j'ix=q(e i2 71:Xo/L_e i2 "YOIL) for n'*O and j~=Qex=O. All processes of quantizing this system is the same as before except. that the Gauss' law is modified: on physical states.
In Fourier components it reads 
N ow we will see how the vacuum polarizes so as to screen the chargeso Hamiltonian becomes (up to an irrelevant constant) The ground state is a coherent state of the ~ogoliubov-transformed current. The energy of the ground state with two external charges is
This is Yukawa potential in 2 dim. Classically the Coulomb potential in (1 + I)-dimensions is linear and confinement seems to be the origin of the disappearance of the fermionso However the potential is now shown to be short-ranged for not only integerq but also an arbitrary value of q, screening rather than confinement is the true origin. *) The induced charged density is
<ground; jeix)\jo(x)lground; jeiY» = I(x; xo)-I(x; Yo),
The total induced charge around Xo is -q and cancels the original charge. However, charge density distribution is spread within the range of the order M-1 and if we are close enough to the external charges we can find it (global screening). Note that in this model not only integral multiples of the fundamental charge but charges with arbitrary magnitude are screened. We come to this point later.
Now, how does this screening effect occur? Let us introduce two external charges suddenly at t=O. The originalgroundstate without the external charges Iground> is no longer an eigenstate of the Hamiltonian with the external charges. Then we expect that charges are getting to be induced so as to screen the external charges with time and finally the state becomes Iground; jex(X», the lowest energy state included in Iground>. Define (t >0) 10; t>=e-iHtlground> , (4'13) where H is the Hamiltonian coupled to the external charges. After some calculations the induced charge density at time t >0 is given by
<jo(x»t=<O; tljo(x)IO; t>= I(x, t ; xo)-I(x, t ; Yo),
where E=j p2+ M2 and 8(s) is the step function. Total induced charge density is merely a sum of those induced by the external charge at Xo and by the external charge at Yo. Note that the induced charge density vanishes outside the light cone whose vertex is (t=O, x=xo), which is compatible with the causality. Figures 1 and 2 illustrate the time evolution of the induced charge density. After sufficiently long *) We follow the criterion for the confinement adopted by Coleman.
IO )
He studied the massive Schwin· ger model and found that there is a linear potential between external charges if the charge is not integral multiple : and concluded that there is confinement. In our case, however, there is no linear potential for arbitrary external charges; hence we conclude that there is no confinement. time, (4; 12) is reproduced. N ow we discuss the physical picture of the results obtained above. With naive particle picture of screening, it has been believed that when we put two charges it is energetically favorable to create fermion pairs between the two charges so as to screen them. However this picture is too naive for the following two reasons. First, not only an integer charge but charges with arbitrary magnitude are screened. The vacuum is deformed coherently. Second, the charge density is induced not only between the two. charges but left-right symmetrically around each external charge. This cann.ot be understood by breaking of the 'flux-tube'. Therefore the screening cannot be understood by the naive particle picture but rather by the vacuum polarization.
Screening of the dynamical fermion
In this subsection we will answer the question why there are no fermionic excitations (4·1), by investigating screening of the fundamental charge.
By using the fermion operator (Appendix C) we define a state with positive chirality fermion with charge + e at Xo and a positive chirality fermion with charge
The connection term is necessary to make the state gauge invariant. After some calculations we get the expectation values of the energy and the strength of the electric field E(x) of this state. The results are almost the same as the classical ones. expectation value of the current operator is 
The first term is the original charge introduced at t=O. This charge is running on the light cone to the left with the velocity of light. The second term is the induced charge density. Note that the induced charge vanishes outside the light cone whose vertex is (t=O, x=xo), which is again compatible with the causality. Its form is to be seen in Fig. 3 .
In the limit t ----? 00-i8 we expect that ixo, yo; t> returns to the vacuum which is the lowest energy state included in the original state. To see this, we evaluate the induced charge at x = Xo -t + E, where E is the distance from. the location of the introduced charge which is running on the light cone. For small E, induced charge density behaves as (4'21)
As t becomes large, this function oscillates more and more rapidly as a function of E, though the amplitude becomes larger. Since the measurement can be done only with a finite spatial resolution, one cannot see the oscillatory behaviour after sufficiently long time.
On light cone, where the original massless fermion is running, the value of the induced charge grows up linearly in t ( see Fig. 3 ).
As a result the induced charge is well approximated by o(x + t -xo) after sufficiently long time and screens the original charge completely and locally (local screening). This is why the fundamental fermion disappeared from the theory. § 5.
Concluding and further remarks
Solving the massless Schwinger model exactly in the Hamiltonian formalism we clarified the structure of the Hilbert space. The total Hamiltonian was diagonalized by the Bogoliubov transformation. The wave functional of the groundstate was written down explicitly in terms of the original fermion Fock space. With these tools we studied chiral symmetry breaking and the screening of charges.
Finally let us remark how our picture of the anomaly in the Schwinger model can be extended to the general field theory. We consider the gauge theory in ddimensions where d is even.
In the Weyl gauge the first quantized fermion Hamiltonian is On the other hand this7J-invariant can be expressed in terms of the gauge field by using the index theorem with boundary. 12 
JaM (5'10)
The first term is the integral of the Chern-Simons form. The second term is always even integers and corresponds to the redefinition of the 'vacuum' so as to be always the lowest energy state. Now the 'vacuum' has non-zero chiral charge which depends on the gauge configuration and this is the origin of anomaly. Anomaly originates in the structure of the vacuum. This is clearly an extension of our analysis in § 2. This is characteristic in 2 dim. and equivalent to the Schwinger term in the commutation relations of the current operators :13) (A·2)
We prove this for the positive chirality sector. We separate the proof into three parts.
(1) case n=l=m
We used n=l=m inthe last equality. If n is equal to m, infinite c-number appears and we cannot estimate it naively. Then it will be important that the fermion Fock space is constructed. on the Dirac sea. (2) cases n=m on the 'vacuum' We suppose that n is a positive integer without loss of generality. p=N+-n (A·5) (3) cases n=m on general states of the fermion Fock space The fermion Fock space is constructed by applying a finite number of the fermion creation and annihilation operators on the Dirac sea. To prove the case n=m on the general fermion state, it is enough to prove that [j+n, U+m)t] is a c-number.
(A·6)
It is easy to show this by a direct calculation.
Appendix B --Algebra of the Current and the Electric Field--
In this appendix we calculate the commutation relations of the current operators and %A(x). From the canonical quantization condition [%A(x) , W(y)]=O, one may expect naively that the current operator commutes with %A(x). However the current is a product of two' equal time operators and it must be regularized with respect to the gauge invariance. Then it commutes with the Gauss' law operator (2·35) which generates the gauge transformation. (rhe commutativity can also be shown directly using the s-function regularized current operator.) From the com-. mutation relations of the currents (A· 2), we obtain 
with the notation (B'5)
Appendix C
--Bosonization in the Background Gauge Field--
We prove in this section that the fermion creation operator .can be written in terms of the current operators and a· "vacuum changing operator" U+ as follows:
where U± are defined as the operators that shift the levels of the fermion, (C'1) (C·3) (C '4) and that commute with the gauge field and its canonical momenta. The normal ordering in (C·1) is taken with respect to the current j± n. We have three comments on this.
(1) ·U± is an operator which shifts the levels of a positive (negative) chirality fermion. Thus U± increases the charge Q± by one ... The fermion operators change the charge while the currents do not. Therefore we could not write the fermion operator in terms of the current operators only. In the ordinary bosonization for· mula,S) the zero mode of the boson field, which is canonical conjugate to the charge, plays the role of U±. However in the Schwinger model there is no such operators intrinsically and we had to introduce an extra one.
(2) Fermion operators involve not only currents but also the gauge field through (h(x). Since the current operators do not commute with %A(x) (see Appendix B), the last term in ¢±(x) is required to get [%A(x), ¢±(y)]=O, which ensures the canonical commutation relation [%A(x), 1Jf±(y)] =0.
(3) We can interpret the factor which explicitly depends on the gauge field also in the following way. Fermion must transform under the gauge transformations while the current operators,are invariant. Owing to this factor the fermion operator ~an transform correctly under both the small and large gauge transformations.
In the remainder of this appendix we prove that 1Jf+(x) which is written in terms of the current operators and U+ indeed satisfies the following required anticommutation relation:
We calculate the product of these fields separately and sum up after.
(C'6) where we used the Hausdorff formula. To evaluate the last term, we must introduce a convergence factor since the infinite sum is just· on the convergence circle, 
